In this paper, an a priori estimate of weak solutions to the mixed Navier-Stokes/Darcy model with Beavers-Joseph-Saffman's interface condition and the existence of a weak solution are established without the small data and/or the large viscosity restriction for the first time. Based on these results, the global uniqueness of the weak solution is obtained.
Introduction
Because of the important applications in real world, the mixed Stokes/Darcy and Navier-Stokes/Darcy model received much attention in both theoretical and numerical aspect in last decades. In numerical point of view, coupled finite element methods [1, 2, 7, 9, 25, 35, 36] , discontinuous Galerkin methods [10, 20, 24, 33, 34] , domain decomposition methods [8, 12, 13, 14, 15, 16, 17, 18, 22] , Lagrange multiplier methods [21, 26] , interface relaxation methods [27, 28] , and decoupled methods based on two-grid or multi-grid finite element [5, 6, 29, 23, 37, 38, 39] are extensively studied in last decades. Although there are so many literatures that made great contribution to the numerical simulation of the steady-state mixed Stokes/Darcy and Navier-Stokes/Darcy model with different interface conditions, the existence of a weak solution to the mixed Navier-Stokes/Darcy model with Beavers-Joseph (BJ) interface condition or even with the more simpler Beavers-Joseph-Saffman (BJS) interface condition for general data keeps unresolved. As is pointed out in [20] , the difficulty for obtaining an a priori estimate of the weak solutions and deriving the existence of a weak solution without the restriction of the small data and/or the large viscosity, comes from the interface conditions, which does not completely compensate the nonlinear convection in the energy balance in the Navier-Stokes equations. Hence, deriving an a priori estimate for solutions of the weak formulation of the Navier-Stokes/Darcy model even with BJS interface condition is still an unsolved question. Therefore, as far as we know, the global uniqueness of the weak solution still remains an unsolved open question. In [20] , the authors derived an existence result of a weak solution when the kinematic viscosity of the fluid flow is large and/or the data is small. Then they got a local uniqueness result. Similar results can be found also in [12] and [10] . Some other authors discussed such existence problem by other different manners. For example, the authors of [2] also proved the existence and uniqueness of the weak solution of the model with BJS interface condition in a closed convex subset by means of Steklov-Poincaré operator when the data is small; the authors of [22] obtained the well-posedness of the model with BJ interface condition in the sense of the branch of the nonsingular solutions, which demands the Fréchet derivative of the Navier-Stokes/Darcy operator to be nonsingular and of course will bring some small data and/or large viscosity restriction.
In this paper, by expanding the Navier-Stokes/Darcy model with BJS interface condition to a more large coupled system, we resolve the open question raised in [20] of the derivation of an a priori estimate of weak solutions. By the same method for obtaining the a priori estimate of the weak solutions, we also obtain the existence of a weak solution without the restriction of the small data and/or the large viscosity. Having the a priori estimate of weak solutions at hand, we get the global uniqueness of the weak solution to the coupled system for the first time.
The rest of this paper is arranged as follows. In section 2, we give a brief introduction of the Navier-Stokes/Darcy model with BJS interface conditions and its weak forms. In section 3, an a priori estimate of the weak solutions to the system is obtained by introducing an auxiliary differential system that is subject to the Navier-Stokes/Darcy model. Finally, we give the existence result of a weak solution without the small data and/or the large viscosity restriction by the Galerkin method and obtain the global uniqueness of the weak solution.
Mixed Navier-Stokes/Darcy model with BJS interface condition
Let us consider the following mixed model of the Navier-Stokes equations and the Darcy equation for coupling a fluid flow and a porous media flow in a bounded smooth domain
Here Ω = Ω f ∪Γ∪Ω p , where Ω f and Ω p are two disjoint, connected and bounded domains occupied by fluid flow and porous media flow and Γ = Ω f ∩ Ω p is the interface. We denote Γ f = ∂Ω f ∩ ∂Ω, Γ p = ∂Ω p ∩ ∂Ω and we also denote by n p and n f the unit outward normal vectors on ∂Ω p and ∂Ω f , respectively. Furthermore, Γ p consists of two disjoint parts Γ pd and Γ pn . We assume |Γ f |, |Γ pd | > 0. See Figure 1 for a sketch. Let us denote by (u f , p f ) the velocity field and the pressure of the fluid flow in Ω f and φ p the piezometric head in Ω p . The partial differential equations modeling the fluid flow and the porous media flow are
where
are the stress tensor and the deformation rate tensor, ν > 0 is the kinetic viscosity and K is the permeability in Ω p , which is a positive definite symmetric tensor that is allowed to vary in space. The third equation of (2.1) that describes the porous media flow motion is the Darcy's law for the piezometric head φ p . The above equations (2.1) are completed and coupled together by the following boundary conditions: 2) and the interface conditions on Γ:
Here G > 0 is a constant depending on the nature of the porous medium and usually determined from experimental data, τ i , i = 1, · · · , d − 1, are the orthonormal tangential unit vectors along Γ. The first condition is the mass conservation, the second one is the balance of normal force and the third interface condition means the shear force is proportional to the tangential components of the fluid velocity, which is called the Beavers-Joseph-Saffman's (BJS) interface condition (see [3] and [31] ). For more details of these equations, we refer readers to [20] and [29] . And in the rest of this paper, we always use boldface characters to denote vectors or vector valued spaces. Let us introduce the following Hilbert spaces
:
where (X f , Q f ) is the space pair for the velocity and the pressure in the fluid flow region Ω f and X p is the space for the piezometric head in the porous medium region Ω p . Furthermore, we assume
and there exist λ max > 0 and λ min > 0 such that
Here X f and X p are the dual spaces of X f and X p , respectively. For simplicity, we always use (·, ·) D and · D to denote the L 2 inner product and the corresponding norm on any given domain D. Since |Γ f |, |Γ pd | > 0, we know that D(·) Ω f and K 1 2 ∇ · Ωp are the equivalent norms of the usual Sobolev norms in X f and X p due to the Korn's inequality, the Poincaré inequality and (2.5).
In addition, let us denote
Now the weak formulation of the mixed Navier-Stokes/Darcy model with BJS interface condition reads as follows (see [5] , [20] , [26] and [29] for details): for
Thanks to [20] , we know that there exists a positive constant β > 0 such that the following Ladyzhenskaya-Babuška-Brezzi (LBB) condition holds:
If we introduce the following divergence-free space
and
the restriction of the test function v f to V f in (Q) leads to the following reduced weak form:
By the same argument in [19] , we know that the problem (Q) and (P ) are equivalent.
For the purpose of later analysis, we recall some inequalities and identity:
Here and after, we always use c to denote a generic positive constant which may take different values in different occasions.
coincide on Γ. It is obvious that the mergence of the above two triangulations forms a regular triangulation T h of Ω. We also denote
For h > 0 small enough, we assume that Ω f h = Ω f , Ω ph = Ω p and Ω h = Ω and we will not distinguish between Ω, Ω f , Ω p and Ω h , Ω f h , Ω ph in the later analysis.
Let us denote by X h ⊂ H 1 0 (Ω) d a finite element space defined on Ω and we denote by X f h = X h | Ω f h ⊂ X f a finite element space defined on Ω f . And we denote by Q f h ⊂ Q f and X ph ⊂ X p the finite element spaces based on the above triangulations and we assume that (X f h , Q f h ) is a stable finite element pair. Furthermore, we define the following vector valued Hilbert space on Ω p
Now we introduce a finite element space V h ⊂ X h defined on Ω as
And we define
where V f h is a weakly divergence-free finite element space defined on Ω f and X ph is a vector valued finite element space defined on Ω p . In the rest, we also denote
In addition, let us denote by Π h f the Scott-Zhang interpolator [32] from X f onto X f h with the following property
We know from [20] that the difficulty for obtaining an a priori estimate of the Navier-Stokes/Darcy model comes from the unbalance of the energy cause by the nonlinear convection in the Navier-Stokes equations. This observation suggests us to construct an auxiliary partial differential system defined in Ω p , which is subjected to the Navier-Stokes/Darcy problem, so that the auxiliary system can completely or almost completely compensate the nonlinear convection in the energy balance of the Navier-Stokes equations. To do this, we first introduce a lifting operator γ
Now we define the following auxiliary linear equations in Ω p : for any given
where u
∈ X p and σ > 0 is a certain positive constant which will be specified later. It is obvious that this linear auxiliary system for any given σ > 0 and ξ f ∈ V f is well-posed. Now, for ξ f = u f ∈ V f , we consider its Galerkin approximation in the finite element space X ph , which is: for u f ∈ V f , find u ph ∈ X ph such that ∀v ph ∈ X ph
If we introduce the following finite element space
an equivalent form of (3.3) is: find u ph ∈ X ph such that ∀v ph ∈X ph
Now it is ready for us to derive the a priori estimate of solutions to (P ). 
and c > 0 is a generic constant that has nothing to do with the data of the problem.
Proof. It is clear that (P ) and (3.3) form a new coupled system, in which (3.3) is subjected to (P ) while (P ) has nothing to do with (3.3).
In the rest of the proof, we assume that (u f , φ p ) ∈ W is a possible solution to the problem (P ) and there exists a positive constant M u f < ∞ such that
Taking (v f , ψ p ) = (u f , φ p ) in (P ) and omitting the non-negative term
Taking v ph = u ph in (3.3) and using the boundary condition
Being aware of n f = −n p on Γ, ∇ · u f = ∇ · u 0 p = 0 and the identity (2.10), it is easy to verify that
By using (2.7), (2.8), (3.1), the assumption (3.5), the Korn's and the Poincaré inequality, summation of the above two identities leads to
This means the auxiliary system can almost compensate the the nonlinear convection of the Navier-Stokes equations in the energy balance as h → 0.
Taking the above estimation into account, the summation of (3.6) and (3.7) yields
For the first and the second term on the right hand side of the above inequality (3.9), by using the Korn's inequality, the Poincaré inequality and (2.5) we have
For the third term on the right hand side of (3.9), by using (2.7), the Korn's inequality, the Poincaré inequality and the following inequality (see [11] and [30] 
where n K stands for the unit outward vector of each element K ∈ T h p . If we choose h small enough and σ small enough such that
combination of (3.6), (3.7), (3.8), (3.10) and (3.11) admits
Since the solutions of (P ) is independent of the system (3.3), the above a priori estimate actually gives an h and σ independent a priori estimate of solutions to (P )
Existence and global uniqueness of the weak solution
In this section, we will use the Galerkin method to show that there exists at least one solution to (P ) (and (Q)), and then give the global uniqueness of the weak solution based on the a priori estimate of weak solutions obtained in last section. We first recall the following Brouwer's fixed point theorem. Brouwer's Fixed Point Theorem Suppose H is a finite dimensional Hilbert space equipped with inner product (·, ·) and norm | · |. If Φ is a continuous map from H to H and for a certain constant µ > 0
there exists a function f ∈ H such that Φ(f ) = 0, |f | ≤ µ. Now let us give the Galerkin approximation of (P ) in W h , the finite element space defined in the previous section:
where C is defined in Theorem 3.1.
Proof. The proof of this lemma is completely the same as that of Theorem 3.1. In fact, we consider the coupled system (P h ) and (3.3) with
with ∇ · u 0 p = 0 this time and we can get similar estimates of (3.6), (3.7), (3.10) and (3.11) by just replacing (u f , φ p ) with (u f h , φ ph ). For the estimation (3.8), noticing the construction of u 0 p in (3.3) and the identity (2.10), it is easy to show
That is the convection in the auxiliary system (3.3) completely compensates the nonlinear convection in the Galerkin approximation of the Navier-Stokes equations. This is also the motivation for us to introduce the auxiliary system (3.2). Finally we can get
for σ small enough such that
This concludes the proof of this lemma.
Having the a priori estimate (4.1) of the coupled system (P h ) and (3.3), it is ready for us to show the existence of a solution to (P h ).
Lemma 4.2 For any given h > 0, there exists at least one solution (u f h , φ ph ) ∈ W h to (P h ).
Proof. We actually intend to prove this lemma by showing the existence of at least one solution to the coupled system (P h ) and (3.3) for any h > 0 and the corresponding sufficiently small σ > 0. Once it is done, we can conclude the existence property of (P h ) since (3.3) is subjected to (P h ) but (P h ) has nothing to do with (3.3) .
First of all, we introduce the following space
where V h and X ph have already been defined in the previous section. For any
We introduce a mapping:
Here
It is clear that, if (v h , ψ ph ) ∈ U h is a zero point of F h , we can assert that v ph satisfies (3.3) with v ph | Γ = v f h | Γ . In fact, if we choose χ ph = 0 and w h ∈ V h with w f h = 0 and w ph ∈X ph , we have v ph ∈ X ph satisfies (3.4). That is v ph satisfies (3.3). Therefore we have (v f h , ψ ph ) ∈ W h is a solution of problem (P h ). Thanks to the previous estimation (4.1), we know that for sufficiently small
By equipping the space U h with the following norm
the above estimate ensures
Now by using the Brouwer's fixed point theorem, we can conclude the proof of this lemma. Thanks to the result of Lemma 4.1 and 4.2, we get a bounded sequence
, we can extract a subsequence, which is still denoted by h, such that as
because of (4.2). For the second limit, we have
For the first and the second term on the right hand side of the above identity, by using (2.7), we have the following estimations.
Thanks to the uniform boundedness of (u f h , φ ph ) in H 1 norm and (4.3), we know that these two terms tend to zero when h → 0. Then we obtain
For the third limit, the limit of the trilinear form, by using (2.9) we have
By using the uniform boundedness of u f h in X f and (4.3) again, the first term on the right hand side of the above last inequality tends to zero as h goes to zero. And the rest two terms on the right hand side of the above last inequality tend to zero when h → 0 because of (4.2). Then we can derive the third limit in this lemma.
With the above three lemmas, we could obtain the following existence result of the problem (P ) and (Q). where C is defined in Theorem 3.1.
Proof. Taking h → 0 in problem (P h ) and being aware of the results in Lemma 4.3, we know that the limit (u f , φ p ) in (4.2) and (4.3) is a solution of problem (P ) and its bound is obvious thanks to Lemma 4.1. Thanks to the LBB condition (2.6), we know that there exists a unique p f ∈ Q f such that (u f , p f , φ p ) ∈ Y is a solution of problem (Q). And it is easily obtained by using (2.6) that
Thanks to the definition of C in Theorem 3.1 and (4.4), we have
This leads to the global uniqueness of the weak solution of (P ) in W. The uniqueness of the solution of (Q) in Y is obvious thanks to (2.6).
Conclusion
By introducing an auxiliary partial differential system in the porous media flow region that compensates the nonlinear convection in the Navier-Stokes equations in the energy balance, we establish an a priori estimate of weak solutions of the Navier-Stokes/Darcy model with BJS interface condition. Then an existence result of a weak solution to this coupled system is obtained without the restriction of the small data and/or the large viscosity for the first time. Finally, a global uniqueness result of the weak solution is derived which solves the open question raised in [20] .
